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Estimate of a Trigonometrical Sum Involving
Naturals with Binary Decompositions of a Special
Kind
K.M. E´minyan
Abstract
Let N0 be a class of natural numbers whose binary decompositions has
even number of 1. We estimate of the sum
∑
n∈N0,n≤X
exp(2piiαn2).
Key words: binary decomposition, estimate of a trigonometrical sum
1. Introduction
Consider the binary decomposition of a positive integer n:
n =
∞∑
k=0
εk2
k,
where εk = 0, 1 and k = 0, 1, . . .
We split the set of positive integers into two nonintersecting classes as follows:
N0 = {n ∈ N,
∞∑
k=0
εk ≡ 0 (mod 2)}, N1 = {n ∈ N,
∞∑
k=0
εk ≡ 1 (mod 2)}.
In 1968, A.O. Gel’fond [1] obtained the following theorem: for the number of
integers n, n ≤ X, satisfying the conditions n ≡ l (mod m), n ∈ Nj (j = 0, 1), the
following asymptotic formula is valid:
Tj(X, l,m) =
X
2m
+O(Xλ), (1)
where m, l are any naturals and λ = ln 3
ln 4
= 0, 7924818 . . .
Suppose that
ε(n) =
{
1 for n ∈ N0,
−1 otherwise.
The proof of formula (1) is based on the estimate
|S(α)| ≪ Xλ
1
of the trigonometrical sum
S(α) =
∑
n≤X
ε(n)e2piiαn,
which is valid for any real values of α.
Note that S(α) is a linear sum.
In present paper we estimate the quadratic sum
S0(α) =
∑
n≤X
ε(n)e2piiαn
2
.
Sum of this type, as far as we know, isn’t yet been considered in mathematical
literature.
Our main result is the following theorem.
Theorem 1. Suppose that X > 2, α ∈ R. Then for any c > 0 there exist positive
numbers A and B such that if
α =
a
q
+
θ
q2
, (a, q) = 1, |θ| < 1, logAX < q ≤ X log−BX,
then the inequality
|S0(α)| ≪ X log−cX
holds.
Proof of the theorem 1 is based on the following lemmas.
2. Lemmas
Lemma 1. Suppose that Q ∈ N, Q ≤ X. Then the following estimate holds:
S0(α)≪ X√
Q
+ {X
Q
Q−1∑
h=1
|S(X − h, h, 2hα)|}1/2,
where S(Y, h, β) =
∑
n≤Y
ε(n)ε(n+ h)e(βn), e(x) = exp{2piix}.
The proof of this lemma coincides with the proof of a well known lemma in van
der Corput’s method.
Lemma 2. Suppose that β ∈ R, h ∈ N, 2 < h ≤ logc1 X, where c1 > 0
is a constant. Let N + 1 be a number of binary digits of h, XN+1 = X2
−N−1,
βN+1 = 2
N+1β.
Then the inequality
|S(X, h, β)| ≪ hlog2 3|S(XN+1, 1, βN+1)|+ hlog2 3|S(XN+1, 2, βN+1)|+ hlog2 3
holds.
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Proof. Let h = 1wNwN−1 . . . w1w0 be a binary expansion of h, wj = 0, 1 (j =
0, 1, . . . , N).
Define numbers hj with the following binary expansions:
h0 = h = 1wNwN−1 . . . w1w0, h1 = 1wNwN−1 . . . w1, h2 = 1wNwN−1 . . . w2, . . . , hN = 1wN .
Define numbers sj as follows: sj = 1− 2wj (j = 0, . . . , N).
Grouping summands over even and over odd n and using obvious formulae
ε(2n) = ε(n), ε(2n+ 1) = −ε(n) we have the following equalities
S(X, 2h1, β) = (1 + e(β))S(X2
−1, h1, 2β) +O(1), (2)
S(X, 2h1 + 1, β) = −S(X2−1, h1, 2β)− e(β)S(X2−1, h1 + 1, 2β) +O(1). (3)
Consider the linear combination
xjS(Xj, hj, βj) + yjS(Xj, hj + 1, βj),
where 0 ≤ j ≤ N , Xj = X2−j, βj = 2jβ. By (2)–(3) we have
xjS(Xj, hj, βj)+yjS(Xj, hj+1, βj) = xj+1S(Xj+1, hj+1, βj+1)+yj+1S(Xj+1, hj+1+1, βj+1)+
+O(|xj|+ |yj|),
where
xj+1 = (sj +
sj + 1
2
e(βj))xj − sj + 1
2
yj, (4)
yj+1 =
sj − 1
2
e(βj))xj − (sj − 1
2
+ sje(βj))yj. (5)
Define x0 and y0
(x0, y0) =
{
(1, 0), if h is even,
(0, 1), if h is odd.
Then we have
S(X, h, β) = xN+1S(XN+1, 1, βN+1) + yN+1S(XN+1, 2, βN+1) +O(
N∑
j=0
(|xj |+ |yj|).
From the definition of x0 and y0 and from (4), (5) it follows by induction that
|xj | ≤ 3j, |yj| ≤ 3j
for any j ≥ 0. Thus we have
|S(X, h, β)| ≪ hlog2 3|S(XN+1, 1, βN+1)|+ hlog2 3|S(XN+1, 2, βN+1)|+ hlog2 3.
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Lemma 3. Suppose that γ ∈ R, j0 ≥ 1, Y > 2. Then the inequality
|S(Y, 1, γ)|+ |S(Y, 2, γ)| ≪ log Y
j0∑
j=1
|
∑
n≤Y 2−j
e(2jγn)|+ Y 2−j0 + log Y.
Proof follows immediately from the equalities
S(Y, 1, γ) = −
∑
n≤Y 2−1
e(2γn)− e(γ)S(Y 2−1, 1, 2γ) +O(1),
S(Y, 2, γ) = S(Y 2−1, 1, 2γ) + e(γ)S(Y 2−1, 2, 2γ) +O(1).
3. Proof of Theorem 1
First apply lemma 1 with Q = log2cX . Now it is sufficient to estimate sums
S(X − h, h, 2hα) for 1 ≤ h ≤ Q− 1.
By lemma 2 we arrive to the inequality
|S(X − h, h, β)| ≪ hlog2 3|S(XN+1, 1, βN+1)|+ hlog2 3|S(XN+1, 2, βN+1)|+ hlog2 3.
Then by lemma 3 we have
|S(X−h, h, 2hα)| ≪ hlog2 3 log2Xj0 max
1≤j≤j0
|
∑
n≤Y 2−j
e(2jβN+1n)|+Xhlog2 32−j0+hlog2 3 logX,
where j0 satisfy to inequalities
Qlog2 3j02
−j0 ≤ log−2cX < Qlog2 3(j0 − 1)2−j0+1.
Since
|
∑
n≤Y 2−j
e(2jβN+1n)| ≪ 1‖ 2jβN+1 ‖ ,
where ‖ x ‖= min({x}, 1− {x}), we get the inequality
|S(X − h, h, 2hα)| ≪ hlog2 3 log2X max
1≤j≤j0
1
‖ 2jβN+1 ‖ +X log
−2cX,
which holds for any h, 1 ≤ h ≤ Q− 1.
Let q satisfies the inequality q > logAX , where A > 0 is such that 2N+j0+2h <
1
10
logAX . Then we have
‖ 2jβN+1 ‖≥ 1
q
− 2
N+j0+2h
q2
≥ 0.9
q
,
1
‖ 2jβN+1 ‖ ≤
10q
9
.
Let q also satisfies the inequality q ≤ X log−BX , where B > 0 is such that
Qlog2 3j0 log
2X
logBX
≤ log−2cX.
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Then for any h, 1 ≤ h ≤ Q− 1, the inequality
|S(X − h, h, 2hα)| ≪ X log−2c
holds, and so
|S0(α)| ≪ X log−c .
Corollary 1. Suppose that X > 2,α ∈ R. Then for any c > 0 there exist positive
numbers A and B such that if
α =
a
q
+
θ
q2
, (a, q) = 1, |θ| < 1, logAX < q ≤ X log−BX,
then the inequality
|
∑
n≤X, n∈N0
e(αn2)| ≪ X log−cX
holds.
Proof. By definition we have
∑
n≤X, n∈N0
e(αn2) =
∑
n≤X
1 + ε(n)
2
e(αn2) =
1
2
S0(α) +
1
2
S1(α),
where S1(α) =
∑
n≤X
e(αn2).
Sum S0(α) is estimated in theorem 1. Estimate S1(α) in a standard way:
|S1(α)|2 ≪ X +
∑
|h|≤X
|
∑
n≤X
e(2hnα)| ≪ X +
∑
|h|≤2X
min(X,
1
‖ αh ‖)≪
≪ (X
q
+ 1)(X + q log q)≪ X2 log−2cX.
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